The joint effect of direct and hydrodynamic interactions on the dynamic structure S (k,t) of a solution of rigid macromolecules is examined. The initial slope dS/dt and initial curvature d' S/dt' ofS(k,t) are obtained. The reference frame correction of Kirkwood et al. [J. Chern. Phys. 33, 1505 (1960 ) is shown to be wave-vector dependent. Contrary to some previous results, we argue that the initial slope of S(k,t) is partly due to direct interparticle interactions rather than being due entirely to free-particle Brownian motion.
I. INTRODUCTION
The spectrum S(k, t) of light scattered by a solution of interacting Brownian macromolecules has been the subject of extensive theoretical investigation. Since the work of Altenberger and Deutch, 1 S(k, t) for such systems has been understood to reflect the interplay of direct and hydrodynamic interactions between the macromolecules. Early theoretical discussions of one of US 2 ,3 concluded that light scattering measures the mutual (pair) diffusion coefficient Dm rather than the tracer (single-particle) diffusion coefficient D T ; Dm and DT are not equal in concentrated solutions. 4 A number of authors have calculated the concentration dependence of Dm and D T , often with speCial reference to effects visible to light scattering spectroscopy. 5-18 Most of these calculations are based on some form of the Nparticle Smoluchowski equation in which the important physical effects are the isolated-particle Brownian motion, the hydrodynamic coupling between particle displacements, the direct (e. g., electrostatic) forces between the macromolecules, and the hydrodynamic drag on the moving macromolecules.
In contrast to some of the aforementioned papers, Pusey19 has argued that the initial decay of S(k, t) is due entirely to single-particle Brownian motion, direct interaction between diffusing macromolecules having no appreciable effect on dS(k, t)ldt at small t. USing different arguments, one of us 20 has presented a demonstation which appears to show that light scattering spectroscopy actually measures D T rather than Dm, while the other of US 21 has argued that direct intermacromolecular interactions contribute to the drag coefficient f of a macromolecule, an effect which is not implicit in most other analyses of mutual diffusion in concentrated solution. 22
Given the already voluminous literature on this problem, it is important to emphasize what Significant new results are obtained here. In particular, (i) A previously uncalculated wave vector dependence of the reference frame corrections (as discussed by Kirkwood et al. 23 ) aThis work supported in part by the National Science Foundation under Grant CHE-7920389.
2 of the spectrum is obtained, showing that the forces responsible for K2 cannot be correctly computed by neglecting the initial motion of the macromolecules. (iii) It is shown that direct interactions do contribute to Dmk2, . and that light scattering does measure a pair rather than a single -particle diffusion coefficient.
In Sec. II, a general power series expansion for S(k, t) is introduced. Terms corresponding to the direct interaction contribution to f are identified and will be analyzed in a separate paper. In Sec. III, the initial slope of S(k, t) is found; in Sec. IV, a calculation of the initial curvature K2 of S(k, t) is presented. Our results are discussed in Sec. V.
II. TIME EXPANSION OF THE DYNAMIC STRUCTURE FACTOR
The dynamic structure factor S(k, t) for a group of N particles is given in terms of the scattering vector k and the particle positions rj(t) by
where ( )T represents a time average. Applying the definition of the velocity (2.2) assuming the equivalence of time and ensemble averaging, and expanding the exponential as a power series in time gives
We consider here systems whose volume is far larger than the volume over which particle positions or velocities are correlated. Equation (2.3) gives S(k, t) as an impliCit function of time. S(k, t) may be obtained as an explicit function of time by using the power series expansion . . (a) stress fluctuations in the solvent create a random velocity field in the solvent, which moves the suspended solute particles'. (b) stress fluctuations at the surface of each solute particle cause the solute molecules to move with respect to the surrounding solvent, 24 a motion distinct from the Brownian motion terms described in (a).
S(k,t)
(c) Mechanical forces between pairs of solute molecules cause the solute molecules to move with velocities Fu ~, where Fu is the force on particle i due to I and tl is the mobility of i. 
I
Some care must be taken in interpreting the limit t-O.
If one simply substitutes t= 0, the right hand side of Eq. (2.10) vanishes; namely, in the ensemble average the velocity distribution function of each particle is independent of the positions of the other particles, and has the spherically symmetric Maxwell-Boltzmann form, so that an average of k • [VII (0) +VBI(O)] vanishes. The exact form of the term quadratic in VBI includes inertial effects, so for small t it is of order t 1 and also vanishes if t becomes identically equal to zero. However, we require that t» T B ; t"k' VBI(t) is then equally likely to be positive or negative for each orientation of VBt. so in Eq. (2.10) the term in (ik' VBI(t)) vanishes. The final term in Eq. (2.10), involving k • VBI (s) k • VII (t), corresponds to a contribution of direct interactions to the as suggested by Pusey. 19 In Eq. (2.6), the first sum includes the motion of particle i due to direct forces on it as well as the flow fields set up at particle i by the force which particle i exerts on other particles. The second sum includes the flow fields occurring at particle i due to direct forces between the other particles in the solution. Fil is a function of the interparticle separation r u , while ~,TIl, and VBI depend on the complete configuration {rV} of all the solute molecules.
Substituting Eqs. (2.6) and (2.7) into Eq. (2.3), we define (ii) In other terms, the time derivatives cancel the integrals, leading to expressions
(iii) For q > 1, there arise terms proportional to dVI(t)/dt which do not vanish in the limit t-O.
(2.10) friction factor J. This term is dealt with elsewhere~5; in the following we neglect all terms of this form. One notes that the lack of correlation between VBI(t) and VSI(O) does not preclude equal-time correlations between the Brownian velocities of different particles, corresponding to hydrodynamic interactions between the particles. The extent of these correlations is described by a two-particle relation analogous to Eq. (2.9). Equation (2.10) now becomes
Several curiosities in the transition from Eq. (2.10) to Eq. (2.11) merit comment. First, at t=O the canonical distribution function indicates that particle velocities have a spherically symmetric probability density. Since vIi(O) [Eq. (2.6)] is nonvanishing, VBI must also have a nonzero vector value at t=O, even though (k 'VBj(TlI» =0. This discrepancy was resolved by Batchelor, 11 who observed that for t < TB Brownian particles remember the direction to their location at t = O.
If direct forces are present, the N-particle spatial distribution function is dependent on particle position, particles being more likely to be found in energetically favorable locations. At t = 0, VBI is correlated with the density of macroparticles, not because the fluid currents which drive VBI have an average vector value, but because currents out of particle-rich regions move more particles than currents out of particle-poor regions. The particles' Brownian motions cause them to drift randomly away from their preferred positions, while the direct forces tend to drive them systematically back into those favored locations. The statement that VBI and VIi cancel on the average at t=O is equivalent to the better-known statement that the equilibrium N-particle spatial distribution functions are steady -state solutions to the N-particle Smoluchowski (diffusion) equation. Equation (2.11) may also be written
is a normalizing factor, and W is the total potential energy of the solute. kl<fjd{N} denotes integration over the hypersurface of configuration space for which 14) and ()4 indicates an average over possible values of all(O), ("! d{N}a,,) being taken .over the isothermalisobaric ensemble.
III. CONTRIBUTION OF DIRECT AND HYDRODYNAMIC FORCES TO dS(k,t)1 dt
The constrained integral of Eq. (2.12) is here evaluated by replacing it with an unconstrained integral
whose integrand imposes the constraint. This is done by means of the approximation The substitution (3.1) satisfies requirement (3.3) as long as the volume of the system is much greater than the volume within which particle positions are corre,-lated. Furthermore, for q '" nk, n an integer, the apprOximation indicates (ii) The new normalizing factor (Iak 12)"1 appears in each term. The use of (0 gives Eq. (3.3) for n >1; the product form previously used by one of US 21 does not supply the self-terms (e.g., exp[-k'(r 1 +r 1 )]) needed for n> 1. The normalizing factor ( la" 12)"1 has a physical interpretation: a,,(O) may be increased either by changing the relative positions of distant particles or by distorting the most likely positions of the particles within clusters. The smaller ( la" 12) is, the harder it is to distort a cluster; as (Ia k 7b) r being the unit vector along the line of centers. The trailing terms in ~ represent modifications of the fluid flow around a sphere due to the other sphere; the mobilities parallel and perpendicular to r are not equal. BatChelor summarizes calculations for these terms for stick boundary conditions, i~cluding series expansions in inverse powers of the center-to-center separation r of the spheres. Felderhof has extended these series to higher powers of l/r and generalized them to arbitrary stick-slip boundary conditions. 12 To order (a/r)4 the pair approximation for 'i in an infinite suspension of spheres is
(3.8)
1T T/tl
Jf<i ri J At low concentrations at which only pairs of spheres interact, the final term of Eq. (2.12) is
where /tl, g(r) is the radial distribution function, and Co the number concentration.
The first part of Eq. (3.6) may also be reduced. Assuming that a given particle only interacts with one of its neighbors at a time, and that W is a sum of pair potentials Wij,
(3.10)
where C is a constant of integration, to be chosen for convenience. For an incompressible solution, one is tempted to write 1 Vi' Tij =0. However, unless the solute macroparticles displace no solvent, as assumed in Ref. 1, the volume C1lrrent of solute J I into a closed volume must cancel the volume current of solvent J. flowing into the same volume. As shown in the Appendix, this leads to
where b: J is the true hydrodynamic interaction tensor for a closed volume, cf> J is the volume fraction of particle j in the system, and H(k) is the spatial Fourier transform of the particle shape.
The usual Oseen tensor form TO S for b: J may be corrected for the nonzero extent of each particle, but neglects solvent backflow by assuming that the solution has no boundaries. [(kd-1] 
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where
(3.14)
From Eqs. (3.9) and (3.13),
( 3.15) where X=kr. In the limit k-0, 16) and if detailed hydrodynamiC interactions between the partides are ignored,
IV. SECOND TIME CUMULANT OF S(k.tl
We obtain the second time cumulant of the spectrum 
where only nonvanishing terms, not dependent on the interactive contribution to the friction, have been retained.
The second, fourth, and fifth terms of Eq. (4.2) are products of terms encountered in Sec. III. Under the interacting pair apprOximation, these terms are
the limit t-0 being taken. Evaluation of these terms in the presence of detailed hydrodynamic interactions is tedious. In the absence of such forces, comparison with Sec. III shows As previously discussed by Ackerson 7 and Phillies,26 the second cumulant of S(k, t) gives extra information about the details of the intermacromolecular interactions.
V. DISCUSSION
The total effect of direct and hydrodynamiC forces on the initial decay of S(k, t) is given for k -0 by Eqs. (2.10) and (3.16):
The final term is discussed elsewhere. 25
Combining Ii and 1 2 ,
From Sec. III, the first time cumulant of S(k, t) is
Neglecting terms in the square of the concentration, so
The term -¢ is a reference frame correction, reflecting the difference between diffusion relative to the solvent and diffusion relative to the fixed volume of the sample. From Eq. (3.15) and the Appendix, the reference frame correction depends on H(k), whose presence has a simple physical interpretation. S(k, t) decays because scatterers move across the planes perpendicular to k; as the scatterers move, they displace solvent, which flows backwards across the same planes, dragging other scatterers with it. If the scatterers are pOintlike, the solvent backflow appears uniform to them. However, for a given fluctuation alt (O) , the current of scatterers has on the average a spatial dependence like exp(ik' r), i. e., the direction of the solvenfbackflow reverses sign every half-wavelength along k. If a scatterer is of finite extent, different parts of it will experience different solvent backflow velocities. A rigid particle responds to the average backflow velocity, the average being given by H(k) . The presence of the reference frame correction thus depends on the size ro of the particle. 
APPENDIX: HYDRODYNAMIC INTERACTION TENSOR FOR PARTICLES IN AN ENCLOSED FINITE VOLUME
We here justify our assertion that on the average
where V is the container volume, k denotes the unit vector of k, cP i is the volume fraction relative to the container of particle j (which is taken to drive the flow), and H(k) is the spatial Fourier transform of the hydrodynamic excluded volume of particle j.
The physical basis of Eq. (Al) is the assumption that, for a finite volume of an incompressible fluid, the total volume flow (of solute plus solvent) across any plane must vanish. The assumption for closed containers may be stated mathematically as I (VD, )2, Ref. 19 concludes that (!vB, (t)vBI(t+'T) Equations (3.9) and (3.13) shOw that the integrals over v 11 and v 1 actually contribute to the initial decay of S(k, t) to a Similar extent.
In a previous paper, one of us 20 suggested that light scattering spectroscopy actually measures the singleparticle diffusion rather than pair diffusion, since in the correlation function (r,t) includes any correlations between the displacement of particle i during (0, t) and the positions of other particles at t=O. In Sec. III, this correlation is shown to be significant; the presence of these correlations means that G,(r, t) is sensitive to mutual diffusion rather than to solute self-diffusion.
The second cumulant of S(k, t) was previously'obtained by Ackerson 6 as (5.5)
where S is a plane across the container with normal 5, Ci(r,) is the cross section of particle j in S, and the sum on the rhs of Eq. (A3) is restricted to particles lying partially within S. A mOving particle j of ,VOlume V J and location r i excites at the point r, in the fluid a flow VI:
where Vi is the velocity of particle j and b: j is a function of the positions of all the particles.
For it II a, exp(ik' r) is a constant within 8" so i dr,k'b~J'vie;t'(l'rrj)=-elt'(r'''1'j)CJ(r,)k'vi' (A4) 
